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Synopsis. The hyperivial condition upon p-densities is
applied to the simple Hiickel model of linear chains. The
invariance of the modified p-density is derived in fully gen-
eralized form. Any bond order between nonadjacent sites is
shown expressible in terms of two electron densities or two
bond orders between adjacent sites.

The author has manifested the significance and the
usefulness of the hypervirial condition upon p-densities?
in the Hiickel model in the previous paper,? where he has
mentioned a few consequences of the condition in the
simple Hiickel model® of linear chains as an illustrative
example. In this note, the invariance of the modified
electron density and that of the modified bond order
between adjacent sites are fully generalized in a sys-
tematic way. The resulting theorem enables us to
express any bond order between nonadjacent sites in
terms of two electron densities or two bond orders
between adjacent sites. In particular, for the neutral
ground state, this means that an analytic expression is
given to the bond order between nonadjacent sites. A
few remarks are added last on the treatment of linear
chain parts.

The following mathematical notation is wused
throughout. The symbol [z,,z] stands for the set of
integers that contains z; and z; as the smallest and the
largest elements, respectively; understand the set to be
empty if z<lz;. The symbol[z] means the largest integer
not more than z.

Suppose the linear chain of m sites in the simple
Hiickel model. Number the sites consecutively from 1
to m and denote [1,m] by M. Each stationary state has
its p-densities {p,s} (r,s€M), which fulfil the hypervirial
relationships?

Drls + Pr1,s ™ Drs1 = Drstl = 0 (r < s < M)- (1)
Here, understand the term having an improper subscript
as being absent. Although the inherent symmetry

Psr = Drs (r,s (S M) (2)
is assumed, we need not consider the symmetry of the
system for the present purpose.

Introduce the index b taking the two values 0 and 1,
and define ps.i by

DPbvi = Dv-iv+bii (3)

for vi of the range expressed as follows. Let M, be
[1,m—b] and dp, be the largest i for each v&EMy;

v—1 (v &[l,c))
dpy = (4)

m—b—v v€&[e+1,m—b)
with
e =[(m— b+ 1)2]. 5)
Denoting [0,dsv] by Dy, we have i€Dy, with veEM;.  The
other expression of the range is often useful. Let dj be
the largest of dp,’s (VEM}) given by
dy=[(m—b—1)/2] 6)

and denote [0,dp] by Dp and [1+im—b—i] by Mp.
Then, we have v&EMy,; with i€D,.  Any site pair index rs
(r=s&M) can be transformed by

0 (s — r even) )
b= @)
1 (s — r odd),
v=(r+s— b)/2, ®)
and
i=(—r—>5b)2 ®

into the present triple index bvi uniquely.
Now, let us define the modified p-density &3,: for each
i€Dy as
Dbvi — Dbl v € Myi1)
i = (10)

DPhbui vV=1+im—>b—i.

Then, the hypervirial relationships can be rewritten as

Ebvi = Epprri v,v+1€E M) (i € Dy).

an
Successive applications of these lead immediately to 4

fbvi = fbwi (V, w & Mbi) (l & Db), (12)

which can be further generalized as shown below.
Let Dy(f) be [0,ds—f] for each fi=D; and redefine the
modified p-density &éwi(f) for each i€Dy(f) as
Dbvi — Dbv,itfr1 (v € Mpis1)
&) = (13)

Dbvi v=1+Ff+im—b—f—1i,
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which contains the preceding modified p-density as the
particular case of f/=0. Because £.(f) can be written as

f
i) = X évuks (14)
=i

we attain the theorem

Eil(f) = &) (v, w € Mynp) (i € Du(f)) (f € Ds), (15)

namely, “The modified p-density is an invariant every fi.”
The theorem is ready to yield readable relationships:

(1) Let both of v and w belong to Mp::p1 and rewrite
i+f+lasj. Then, for i<j, we have

Doy ™ Powj = Pwvi — P (v, W € Mp). (16)
(2) Let v be 14f+i and dpw be larger than dp,. Then,
we have
Pbwy = Dbwi — Dbvi (l & va)- (17)
(3) Let v be 1+f+i and w be m—b—f—i. Then, the
symmetry condition
DPbvi = Dbm-b+1-v,i (V & [l,Cb]) (18)

follows.

Important is the i=0 case of the second. Arranging
the letters relevantly, we find that

Dbvi = Dbvo — Dbio 0 <i& Dy) (veE M), (19)
which connects bond orders between nonadjacent sites
with two electron densities (b=0) or with two bond orders
between adjacent sites (b=1).5) In particular, for the m-
electron ground state, using an analytic expression of the
bond order between adjacent sites,® we obtain

Pwi = (An(v) — An()/(m + 1) (20)

with
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(—Drteosec((2t + )/ (2m + 2)) (m even)
An(t) = 21
(—Drtcot((2t + Dm/(2m + 2)) (m odd)

fromthe »=1case. The b=0 case connects the two well-
known consequences”) of the alternant symmetry with
each other.

The above theorem is essentially valid for any linear
chain part aside from bifurcation sites. For the linear
chain part having an end site, number the sites from 1 to
m with the end site as 1 and the bifurcation site as m.
Considering the hypervirial relationships for r<s&
[1,m—1], we find that the theorem holds with the range
for v and w restricted to Mpup plus 1+f+i. On the
other hand, for the linear chain part between bifurcation
sites, number the sites from 1 to m with the bifurcation
sites as 1 and m. The hypervirial relationships for r,s&
[2,m—1] leave p1. extraneous, so that we have

dbc,, =c— 2 (Cb Odd), (22)
which affects dp. The range for v and w is further
restricted to Msyr. The expressions obtained by
utilizing the property at the terminal 1+f+i of Mpus
remain valid only if the linear chain part has an end site.
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